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Wklv qrwh ghvfulehv wkh uhodwlrq ehwzhhq suh0 dqg srvw0�w vljpdv1

4 Lqwurgxfwlrq

Lq ohdvw vtxduhv sureohpv |rx vwduw zlwk d vhw ri revhuydwlrqv zklfk |rx dvvxph duh ghvfulehg e|

d vhw ri q sdudphwhuv zklfk |rx zdqw wr ghulyh1 Rqh zd| ri orrnlqj dw wklv lv wkdw |rx kdyh dq

q0sdudphwhu vhw ri ixqfwlrqv/ dqg |rx zdqw wr �qg wkh ixqfwlrq wkdw pdwfkhv wkh gdwd ehvw1 Hdfk

revhuydwlrq kdv dvvljqhg wr lw dq xqfhuwdlqw| �� / zkhuh wkh vxevfulsw m odehov wkh revhuydwlrq1 Wklv

xqfhuwdlqw| lv wkh h{shfwhg gl�huhqfh ehwzhhq wkh lghdo revhuydwlrq lq wkh devhqfh ri qrlvh dqg wkh

revhuydwlrq pdgh lq wkh uhdo zruog1 Lw lv wkh vfdwwhu ri dq hqvhpeoh ri lghqwlfdo revhuydwlrqv1 Li

|rxu prgho lv fruuhfw/ wklv lv dovr wkh h{shfwhg gl�huhqfh ehwzhhq wkh wuxh prgho/ shukdsv nqrzq

rqo| wr Jrg/ dqg wkh revhuydwlrqv1 Rqfh |rx hvwlpdwh wkh sdudphwhuv |rx kdyh dqrwkhu prgho/

krshixoo| forvh wr wkh wuxh prgho1 Wkh gl�huhqfhv ehwzhhq wkh revhuydwlrqv dqg wkh ghulyhg prgho

duh wkh srvw0�w uhvlgxdov �� 1 Qdlyho| |rx zrxog wklqn wkdw wkh h{shfwhg vl}h ri wkh srvw0�w uhvlgxdov

lv wkh vdph dv wkh xqfhuwdlqw|/ h{solflwo|=
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H
@ �� Wklv lv qrw fruuhfw$

Khuh k===l1ghqrwhv pdwkhpdwlfdo h{shfwdwlrq ydoxh1 Lw wxuqv rxw wkdw wklv lv qrw wkh fdvh/ dqg lq

idfw rqh fdq vkrz wkdw= uG
�2

�

H
? ��

Lq zrugv/ wkh srvw0�w uhvlgxdov zloo jhqhudoo| eh vpdoohu wkdq wkh xqfhuwdlqw| ri wkh phdvxuhphqw1

Vlqfh wkh vl}h ri wkh srvw0�w uhvlgxdo ri dq lqglylgxdo srlqw lv riwhq xvhg wr glvfdug rxwolhuv/ lw lv

lpsruwdqw wkdw zh deoh wr fdofxodwh zkdw wkh h{shfwhg vl}h lv1 L zloo uhihu wr h{shfwdwlrq ydoxh ri

wkh srvw0�w uhvlgxdo dv wkh srvw0�w vljpd/ dqg L zloo ghqrwh lw e| e�� =

uG
�2

�

H
@ e��

D frqfuhwh h{dpsoh pd| foduli| wkh surfhhglqj sdudjudsk1 Vxssrvh wkdw |rx h{shfw wkdw |rxu

gdwd zloo olh dorqj d vwudljkw olqh1 Wklv olqh lv vshfl�hg e| wzr sdudphwhuv/ wkh r�vhw dqg wkh vorsh1

Wkh h{shfwhg ghyldwlrq ri dq lqglylgxdo srlqw iurp wkh �wuxh� olqh lv jlyhq e| lw*v xqfhuwdlqw|/ ��

\rx fdq gr d ohdvw vtxduhv �w wr rewdlq d vwudljkw olqh wkurxjk wkh srlqwv1 Wklv olqh zloo lq jhqhudo
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eh gl�huhqw iurp/ dowkrxjk forvh wr/ wkh �wuxh� olqh1 Vlqfh wklv olqh lv ghulyhg iurp wkh gdwd/ lw

vhhpv sodxvleoh wkdw uhvlgxdov ri lqglylgxdo gdwd srlqwv zloo eh vpdoohu iru lw wkhq iru wkh wuxh olqh1

Lq idfw/ li |rx kdyh mxvw wzr srlqwv/ wkh uhvlgxdov zloo eh 31

Lq wkh vhfwlrq 5 zh uhylhz wkh ohdvw vtxduhv whfkqltxh1 Lq vhfwlrq 6 zh ghulyh wkh irupxod iru

wkh srvw �w vljpdv1 Lq vhfwlrq 7 zh dsso| wkhvh irupxodv wr wkh idploldu fdvh ri �wwlqj gdwd wr d

vwudljkw olqh1

Doo ri wklv glvfxvvlrq ljqruhv wkh h�hfwv ri frqvwudlqwv/ zklfk lv fryhuhg lq dqrwkhu phpr rq

�Frqvwudlqwv/ Fryduldqfh dqg "2�1

5 Oljkwqlqj Uhylhz ri Ohdvw Vtxduhv

Lq ohdvw vtxduhv sureohpv |rx kdyh d vhw ri sdudphwhuv D@ zklfk |rx zdqw wr hvwlpdwh iurp d vhw ri

revhuydwlrqv R� 1 \rx vwduw e| dvvxplqj wkdw lq wkh devhqfh ri qrlvh/ hdfk revhuydwlrq R� lv jlyhq

lq whupv ri d nqrzq ixqfwlrq I�+D, =

R� @ I�+D,

Wkh qh{w vwhs lv wr olqhdul}h wklv sureohp durxqg vrph ydoxh iru wkh D*v1 Wklv lv grqh e| h{sdqglqj

wkh I +D, durxqg d ghidxow iru wkh D*v1
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zkhuh
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+5,

Wkh �uvw whup rq wkh uljkw kdqg vlgh +UKV, ri htxdwlrq +4, lv wkh fdofxodwhg revhuydwlrq dw wkh d
sulrul ydoxhv iru wkh sdudphwhuv1 Li wkh I� duh olqhdu ixqfwlrqv ri wkh sdudphwhuv/ wkhq wklv htxdolw|
zloo eh h{dfw1 +Hyhq li wkh| duh qrw/ wkh olqhdu dssur{lpdwlrq lv jhqhudoo| jrrg li wkh d sulrul ydoxh
iru wkh D*v lv forvh wr wkh wuxh ydoxh/ dqg wkh I *v duh vprrwk ixqfwlrqv1 Li wkhvh frqglwlrqv duh qrw
phw/ wkhq lw pd| eh qhfhvvdu| wr lwhudwh wkh ohdvw vtxduhv surfhvv1, Ehiruh surfhhglqj/ lw lv xvhixo
wr lqwurgxfh vrph qhz qrwdwlrq1 Ohw

R�c� @ R� �I�+Df,

Wkhq zh fdq uhzulwh htxdwlrq +4, lq pdwul{ qrwdwlrq dv iroorzv=

R� @ i+Df,�D

Lq zkdw iroorzv zh zloo xvxdoo| vxssuhvv wkh ghshqghqfh rq Df1

Rxu jrdo lv wr �qg wkh ydoxhv iru �D@ zklfk pdnh wklv htxdwlrq krog1 Rqh zd| ri grlqj wklv lv

wr irup wkh vxp ri wkh uhvlgxdov=
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zkhuh
�� @ ^R� � i�D@`�

E| dvvxpswlrq/ iru qrlvhohvv gdwd dqg zlwk wkh fruuhfw fkrlfh ri �D@ wkh uhvlgxdov ydqlvk1 Wkh

jhqhudo dssurdfk lv wr ydu| wkh �D@ wr plqlpl}h "2=Dw wklv srlqw zh frxog surfhhg wr ghulyh wkh

ohdvw vtxduhv htxdwlrqv iru qrlvhohvv gdwd/ exw zloo irujr grlqj vr vlqfh zh duh lqwhuhvwhg lq wkh fdvh

zlwk qrlvh1

Lq wkh uhdo zruog gdwd kdv qrlvh/ dqg hyhq iru wkh wuxh ydoxhv ri �D@ zh kdyh=

R�c� @ ^i�D`� . %� +7,

Wklv htxdwlrq zloo eh wuxh li zh duh fruuhfwo| prgholqj wkh revhuydwlrqv1 Li zh duh qrw/ wkhq wklv

qhhgv wr eh prgl�hg e| dq dgglwlrqdo whup1 Iru h{dpsoh/ li zh duh wu|lqj wr prgli| gdwd dv

vwudljkwolqh/ exw wkh gdwd lv uhdoo| sduderolf/ wkhq wklv htxdwlrq lv lqfruuhfw1

Iru dq| lqglylgxdo revhuydwlrq zh pd| eh deoh wr dgmxvw wkh sdudphwhuv vr wkdw wkh ohiw kdqg

vlgh lv 3/ exw lq jhqhudo zh zrq*w eh deoh wr fkrrvh wkh sdudphwhuv vr wkdw wklv lv wuxh iru doo

revhuydwlrqv vlpxowdqhrxvo|1 Lqvwhdg zh dwwhpsw wr plqlpl}h wkh uhvlgxdov lq vrph dyhudjh vhqvh

zklfk zloo eh pdgh fohdu prphqwdulo|1 Ohw �� eh wkh xqfhuwdlqw| lq wkh m0wk phdvxuhphqw=
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Wkhq lw lv fxvwrpdu| wr uhsodfh htxdwlrq +6 , e| wkh zhljkwhg vxp=
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Wkh zhljkwlqj idfwru lqvxuhv wkdw srru gdwd lv grzqzhljkwhg zlwk uhvshfw wr jrrg gdwd1 Urxjko|

vshdnlqj/ li �� lv wzlfh dv odujh dv �& wkhq zh h{shfw �� wr eh wzlfh dv odujh �& Zh ghulyh wkh rxu

hvwlpdwh ri �D@ e| plqlpl}lqj "2 zlwk uhvshfw wr wkhp1 Wklv lv grqh e| vhwwlqj wkh ghulydwlyhv ri

"
2 htxdo wr 3=
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Hydoxdwlqj wklv lv vwudljkwiruzdug/ dqg zh rewdlq wkh ruglqdu| ohdvw vtxduhv htxdwlrqv=
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Khuh wkh �kdw� rq �D lqglfdwhv wkdw lw lv dq hvwlpdwh/ dqg qrw wkh wuxh ydoxh/ zklfk lv xqnqrzdeoh1

Wklv htxdwlrq fdq eh uhzulwwhq lq pdwul{ qrwdwlrq dv=
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Wklv lv wkh fryduldqfh pdwul{ ri wkh revhuydwlrqv

Z�c� @ k%�%&l +9,
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dqg L kdyh dvvxphg wkdw wkh revhuydwlrqv duh xqfruuhodwhg/ l1h1/ Z lv gldjrqdo1 Li wkh revhuydwlrqv
duh fruuhodwhg wkhq Z zloo qrw eh gldjrqdo1 Htxdwlrq +8, zloo uhpdlq wkh fruuhfw ohdvw vtxduhv
htxdwlrq/ zkhuh Z lv jlyhq e| htxdwlrq +9,1 Wkh vroxwlrq iru wkh � eD@ lv jlyhq e|=

� eD @
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Wklv ri frxuvh dvvxphv wkdw

k
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l
lv lqyhuwleoh1

6 Ghulydwlrq ri Srvw Ilw Uhvlgxdov dqg H{shfwhg �
5

Dw wklv srlqw zh kdyh ghulyhg d ehvw �w prgho iurp wkh gdwd1 Lw lv qdwxudo wr dvn zkdw lv wkh

h{shfwhg vl}h ri wkh uhvlgxdov iru wklv sduwlfxodu vroxwlrq Wkdw lv/ jlyhq wkh � eD irxqg e| wkh deryh

surfhgxuh/ zkdw lv= G
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iru d jlyhq revhuydwlrqB Dv phqwlrqhg suhylrxvo|/ qdlyho| rqh pljkw h{shfw wkdw
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Krzhyhu/ d vlpsoh frxqwhu0h{dpsoh vkrzv wkdw wklv fdq qrw eh wkh fdvh1 Li zh kdyh wzr srlqwv dqg

duh hvwlpdwlqj d vwudljkw0olqh/ wkhq wkh srvw0�w uhvlgxdov duh 3/ wkdw lv/ e�� @ 3 hyhq wkrxjk wkh

xqfhuwdlqw| ri hdfk revhuydwlrq lv qrw1 Wkh uhdvrq rxu lqwxlwlrq lv lqfruuhfw lv wkdw rxu hvwlpdwhv

ghshqg rq wkh revhuydwlrqv/ dqg lqghhg duh frqvwuxfwhg iurp wkh revhuydwlrq1

Dv d �uvw vwhs lq ghulylqj e�
2

� zh uhzulwh wkh uhvlgxdov hqwluho| lq whupv ri wkh revhuydwlrqv=
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Htxdwlrq +7 , jlyhv R� lq whupv ri wkh wuxh sdudphwhuv dqg wkh qrlvh1 Vxevwlwxwlqj wklv lq zh

rewdlq=

� @

�
L � i

k
iAZ3�i

l
3�

iAZ3�

�
+i�D. %,

Lw lv wulyldo wr vkrz wkdw �
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dqg khqfh wkh i�D whup ydqlvkhv1 Zh duh ohiw zlwk=
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Khqfh lw iroorzv wkdw
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Krzhyhu/ k%R%^l lv mxvw wkh fryduldqfh ri wkh revhuydwlrqv/ zklfk zdv jlyhq lq htxdwlrq +9, deryh1
Wklv htxdwlrq ehfrphv=
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Iru jhqhudo m> n wklv htxdwlrq jlyhv wkh fryduldqfh ri wkh uhvlgxdov zlwk hdfk rwkhu1 Li zh vshfldol}h

wr m @ n wklv htxdwlrq jlyhv wkh h{shfwhg vl}h ri d uhvlgxdo iru d jlyhq revhuydwlrq=
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Qrz wkh whup ^`�� lv srvlwlyh/ zklfk lpsolhv wkdw wkh srvw0�w vljpdv duh dozd|v vpdoohu wkdq wkh

suh�w vljpdv1

Ehiruh forvlqj wklv vhfwlrq/ lw lv lqwhuhvwlqj wr ghulyh rqh pruh uhodwlrqvkls1 Qdpho|/ zkdw lv

wkh h{shfwhg vl}h ri "2B E| gh�qlwlrq=
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Zklfk fdq eh uhzulwwhq dv=
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@ qxpbrev� qxpbsdudpv

Lq jrlqj iurp wkh �uvw wr wkh vhfrqg olqh L kdyh xvhg htxdwlrq +:,1 Lq jrlqj wr wkh wklug olqh L kdyh
xvhg wkh f|folf surshuwlhv ri wudfhv1 Lq wkh wklug olqh L?�6bJKr dqg L?�6bR@o@6r duh xqlw yhfwruv

odehohg e| wkhlu glphqvlrq/ dqg qxpbrev dqg qxpbsdudpv duh wkh qxpehu ri revhuydwlrqv dqg

sdudphwhuv1 Wklv ohdgv wr wkh idploldu uhvxow wkdw wkh h{shfwhg ydoxh iru

"2

�
lv wkh qxpehu ri

revhuydwlrqv plqxv wkh qxpehu ri sdudphwhuv |rx duh hvwlpdwlqj1

7 Dssolfdwlrq wr Vwudljkw Olqh

Lq wklv vhfwlrq zh dsso| wkh uhvxowv ri wkh odvw vhfwlrq wr d vlpsoh h{dpsoh= wkh hvwlpdwlrq ri d

vwudljkw olqh e| ohdvw vtxduhv1 E| dvvxpswlrq

R� @ Df . w�D�
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Vxssrvh wkdw zh kdyh q htxdoo| vsdfhg revhuydwlrqv vwduwlqj dw 4/ doo zlwk wkh vdph xqfhuwdlqw| �1

Wkhq wkh pdwul{ i wdnhv wkh irup=

i @
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4 4 == 4 === 4

4 5 == m === q
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dqg
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Wkh lqyhuvh ri wkh qrupdo pdwul{ lv=
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Lw lv vwudljkwiruzdug wr vkrz wkdw=

e�2� @ �
2

%
4�

45

q+q2 � 4,

�
4 m

�# E?n��E2?n��
S �

E?n��
2

�

E?n��
2 4

$#
4

m

$&

@ �2

%
4�

45

q+q2 � 4,

+�
q. 4

5
� m

�
2

.
q
2
� 4

45

,&

Qrwh wkdw iru q @ 5/ wklv ydqlvkhv dw wkh hqg srlqwv1 Wklv lv v|pphwulf durxqg uh hfwlrq derxw wkh

plggoh/ qdpho| xqghu wkh vxevwlwxwlrq=

m $ q. 4� m

Iru q @ 6 zh kdyh
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Doo ri wkh uhvlgxdov duh vpdoohu wkdq �
2 exw wkh h�hfw lv pruh surqrxqfhg dw wkh hqg srlqwv1 1 \rx

fdq vkrz wkdw lq jhqhudo
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q� 5

q. 4

e�
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?*2 @ �
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Vlqfh
?32

?n�
? 4 wkh srvw �w uhvlgxdov ri wkh hqgsrlqwv duh dozd|v vpdoohu wkdq wkh plggoh srlqwv1

Wklv lv wkh edvlv ri wkh ironoruh wkdw iru wkh ohdvw vtxduhv �w iru d vwudljkw0olqh/ wkh hqg srlqwv pdwwhu
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pruh wkdq wkh plggoh Dv q jhwv odujh wkh whup ?32

?n�
dssurdfkhv 4/ dqg wkh glvfuhsdqf| ehwzhhq

plggoh dqg hqg srlqwv glplqlvkhv1 Wkh �jxuh ehorz sorwv e�
2

�@�
2
dv d ixqfwlrq ri m iru q @ 43=
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